Introduction
The correspondence between Leonhard Euler and Christian Goldbach is a rich source for studying the development of Euler's work in number theory. It was first published by P.H. Fuß [5] in 1843, and then again by A.P. Jushkevich and E. Winter [9] in 1965. The correspondence, both in the original mixture of Latin and German, as well as in an English translation, is scheduled to appear as vol. 4 of Series IV-A of Euler's Opera Omnia [3] at the end of 2011.
Many letters between Euler and Goldbach deal with various number theoretic problems first posed (and sometimes solved) by Pierre Fermat. Here we discuss his results on sums of two and four squares. As early as September 1636, Fermat stated the Polygonal-Number Theorem in a letter to Mersenne: every positive integer is the sum of (at most) three triangular numbers, four squares, five pentagonal numbers etc.:
1. Every number is the sum of one, two or three triangular numbers, and so on until infinity. It seems that Diophantus 1 assumed the second part of the theorem, and Bachet tried to verify it empirically, but did not attain a demonstration. Fermat then continues 2. The eightfold multiple of an arbitrary number, diminished by 1, is composed of four squares -not only in integers -which perhaps others might have already seen -but also in fractions, as I promise to prove.
The point Fermat is trying to make is that primes of the form 8n − 1 cannot be written as a sum of less than four rational squares. A brief summary of the most important letters concerning sums of squares is given in the following In addition we remark that in a letter to Descartes dated March 22, 1638, Mersenne reports that Fermat is able to prove that no number of the form 4n − 1 is a sum of two integral or rational squares.
The Four-Squares Theorem in the Euler-Goldbach Correspondence
In this article we describe Euler's efforts at proving the Four-Squares Theorem. As we will see, using the lemma which Euler "almost" proved in his letter no. 141 it is an easy exercise to complete the proof. In order to see how natural Euler's approach is, we will first discuss a proof of the Two-Squares Theorem based on the same principles. The first published proof of the Four-Squares Theorem is due to Lagrange [10] Euler observes that 2 n + 1 is composite of n has an odd prime divisor. "Lately, reading Fermat's works, I came upon another rather elegant theorem stating that any number is the sum of four squares, or that for any number four square numbers can be found whose sum is equal to the given number". Goldbach knows how to prove the following special case of Euler's missing lemma: if 8m + 4 is a sum of four odd squares, then 2m + 1 is a sum of four squares. 141 July 26, 1749 Euler observes that the Four-Squares Theorem follows if it can be shown to hold for all numbers of the form n = 8n + 1 (or, more generally, for all numbers of any of the forms 8n + a with a = 1, 3, 5 or 7.
Euler also proves special cases of the "missing link" in his proof of the Four-Squares Theorem: if pA is a sum of four squares and p = 2, 3, 5, 7, then so is A. He also formulates a general lemma that brings him within inches of a full proof. 144 June 9, 1750
Euler laments the fact that he can prove that every natural number is the sum of four rational squares, but that he cannot do it for integers. 147 Aug. 17, 1750
Euler returns to his idea of using generating functions for proving the Four-Squares Theorem. 169 Aug. 4, 1753
Euler mentions "another very beautiful theorem" in Fermat's work: "Fermat's Last Theorem". He remarks that he has found a proof for exponent 3. divisible by p in such a way that the single numbers x, y, z, v are no greater than half the number p. (7) If p is a prime number and therefore odd, the single numbers x, y, z, v will be smaller than
If p is any prime number, it will certainly be the sum of four or fewer squares. Euler remarks that (2) "is the theorem on which the whole matter depends, and which I cannot yet prove". The other claims are proved by him except for the fifth; here Euler writes "The proof of this is particularly remarkable, but somewhat cumbersome; if you like, it can make up the contents of an entire letter in the future". A modern proof (actually it goes back to Minding [11] ) of a statement slightly weaker than 5 goes like this: the quadratic polynomials −x 2 and 1 + y 2 each attain p+1 2 distinct values modulo p, hence there must exist x, y with 1 + y 2 ≡ −x 2 mod p, and then p | x 2 + y 2 + 1.
The last claim is proved by descent: if there is a counterexample p, the previous propositions allow Euler to find a prime q < p which cannot be written as a sum of four squares: contradiction! In [EG140; June 16, 1749], Goldbach takes up a special case of Euler's missing lemma and writes
On the other hand, I think the proof of this proposition is within my power: If any number is the sum of four odd squares, the same number is also the sum of four even squares, or: four odd squares equal to 8m + 4 being given, there are also four squares for the number 2m + 1. In his reply [EG141; July 26, 1749], Euler proves this remark as follows:
Let 8m + 4 = (2a + 1) 2 + (2b + 1) 2 + (2c + 1) 2 + (2d + 1) 2 ; then, on dividing by 2, since
so 4m + 2 = 4 . Since, however, 4m + 2 is an oddly even number, two of these four squares must be even and two odd 5 . So one will have 4m + 2 = (2p + 1)
and consequently
QED. In slightly modernized form, we can formulate the essence of Euler's result as follows:
2 is a sum of four squares, then so is n.
Proof. We can permute a, b, c and d in such a way that a − b and c − d are even. But then
and we are done.
Goldbach's remark and the simplicity of the proof lead Euler to the realization that he could go further; in the same letter, Euler treats the analogous
is a sum of four squares, then so is n.
Proof. We can write F = f + 3r, G = g + 3s, H = h + 3t and K = k + 3u. Up to permutation and choices of signs, there are the following cases:
, and the product formula yields the claim.
This completes the proof.
Euler treats the case p = 5 in a similar way, but gets stuck with p = 7 (he does not see how to write the expression
resulting from (f, g, h, k) = (0, 1, 2, 3) as a sum of four squares).
Euler returns to the case p = 7 in the postscript of his letter:
PS. The theorem for 7A = 4 , which I did not fully execute, is completed by the following general theorem:
Proof. Let
and one gets
but from this one finds
so A = 4 in whole numbers, QED.
This looks exactly like the missing lemma in Euler's plan for proving the FourSquares Theorem. On the other hand, Euler later repeatedly said that he did not have a proof of this lemma, and eventually congratulated Lagrange on his proof of the theorem. So something must be missing. In fact it is not clear where (2) comes from. For small m, this identity can be checked by hand, which is what Euler did for m = 2, 3, 5 and 7. What Euler failed to see at this point is that a rather simple induction proof now completes the proof of the Four-Squares Theorem.
The Proof of the Four-Squares Theoremà la Euler
In this section we will show that it is not difficult to complete the proof of the Four Squares Theorem by induction using the formulas contained in Euler's letter n o 141. Instead of faithfully reproducing this proof here, we will use linear algebra to abbreviate calculations. To this end, we consider the matrices
Lemma 3. The product formula can be written in the form
where A * denotes the transpose of A, and where r = af + bg + ch + dk s = ag − bf + ck − dh t = ah − bk − cf + dg t = ak + bh − cg − df. we deduce that
Remark. The matrices M[r, s, t, u] form a ring isomorphic to the Lipschitz quaternions. The proof of the Four-Squares Theorem due to Lagrange and Euler was first translated into the language of quaternions by Hurwitz [8] .
